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THEOREM 10

Linear Quadratic Regulator
For a cost function J = % ) tt)f [x"Qx + u' Ru]dt
subject to
f =x=Ax + Bu; x(0) given
Thenu=-Kx=—-R1BTPx
Where ATP + PA— PBR'BTP+Q =0

Rudolf Emil Kalman (1930 — 2016): a Hungarian-born American electrical engineer
mathematician, and inventor.
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Proof:
Using maximum principle:
Hxut) =Vxut)+A! f=

1
> (xT@x + u'Ru) + AT (4x + Bu)

Then 3—5 — Ru(t) + BTA=0; u(t) = —R~1BT A

'(t)—aH—A + B
x(t) = o = Ax + Bu

: OH
}\(t) — —a — —(Qx + AT}\)
Let A(t) = P(£)x(¢)

\

Riccati Coefficients
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Then A(t) = P()x(t) + P(H)x(t) = P()x(¢t) + P(t)(Ax(t)
— BR™I1BTP(t)x(t))

—(Qx + ATV)= —0x(t) — ATP()x(t) = P(£)x(t) + P(t)(Ax(t)
— BR1BTP(t)x(1))

Riccati ODE

This equation is satisfied if we can find P(t) such that:
—P(t)=P(t)A+ATP(t) + Q — P()BR1BTP(t)
At infinite time, t; = oo, P(t) = 0,
0=Pt)A+A"P(t) + Q — P(At)BR‘lBTP(t)

Algebraic Riccati equation




LINEAR QUADRATIC REGULATOR

»How design LOQR?
Stepl: Check the rank of controllability matrix C

C=[B AB A’B..A"'B];
n = system order

vif rank(C) = n; system is completely state controllable
v if rank(C) < n; system is not completely state controllable

Step2: Find the state feedback gain K
x =Ax + Bu; u = —Kx

: 117 7 T
mm]=§ [x" Qx + u’ Ru] dt
0
K =R BTP;
PA+A" P+ Q - PBR1BTP =0
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Example 16: Design an LQR

1
]/ Ej 2x1%(t) + 6x1(t)x5(t) + 5x,%(t) + 0.25u?(t)dt
0
Subject to plant equation

xl(t) = xz(t), x2(t) = —le(t) + xZ(t) + ll(t)
with boundary conditions x(0) =[2 — 3]
Solution

=[S o=
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Stepl: Check the rank of controllability matrix C

C=[B AB]= ‘1) ﬂ

rank(C) = 2 = n; system is completely state controllable

Step2: Find the state feedback gain K
_[a bl.A_[2 3].p_1
0 LetP_[b C],Q [3 5],R -

[ Solve algebraic Riccati equation

o ol oI5 il TG Jols sk cllifao ufp
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Simplifying this equation,
—4b* —4b+2=0
a+b—-—2c—4bc+3 =0
2b+2c—4c*+5=0
_[1.7363 0.366

~10.366 1.4729

HHI{ LA 1.7363 0.366
il 0.366 1.4729

= [1.4641 5.8916]

P

w(t) = —1.464 x,*(t) — 5.8916 x,*(t)
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Remarks about LOR welghts:

1. A simple choice is to use diagonal weights:

q1 --- 0 rqi .. 0
Q= ’ R e ]
o .. q, 0 .. 7
2. The diagonal elements describe how much each state and input

(squared) should contribute to the overall cost.

R =

4 For Example 16, Let Q= [(1) (1)], R=1
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d For Example 16, Let Q= [(1) (1)], R= 10

2f

0=y JJiRr=10

X5(t)
X 1(t)
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