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OUTLINES

 Linear Quadratic Regulator
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LINEAR QUADRATIC REGULATOR

THEOREM 10

Linear Quadratic Regulator 

For a cost function  𝑱 =
𝟏

𝟐
𝒕𝟎
𝒕𝒇[𝐱𝑻𝑸𝐱 + 𝒖𝑻𝑹𝒖]𝒅𝒕

subject to
𝒇 = ሶ𝐱 = 𝑨𝐱 + 𝑩𝒖; 𝐱 𝟎 𝐠𝐢𝐯𝐞𝐧

Then 𝒖 = −𝑲𝐱 = −𝑹−𝟏𝑩𝑻𝑷 𝐱

Where 𝑨𝑻𝑷 + 𝑷𝑨 − 𝑷𝑩𝑹−𝟏𝑩𝑻𝑷+ 𝑸 = 𝟎

Rudolf Emil Kalman (1930 – 2016): a Hungarian-born American electrical engineer 

mathematician, and inventor.
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Proof:
Using maximum principle:

𝑯 𝐱,𝒖, 𝒕 = 𝑽 𝐱, 𝒖, 𝒕 + λ𝑻 𝒇=
𝟏

𝟐
𝐱𝑻𝑸𝐱 + 𝒖𝑻𝑹𝒖 + λ𝑻 𝑨𝐱 + 𝑩𝒖

Then              
𝝏𝑯

𝝏𝒖
= 𝑹𝒖 𝒕 + 𝑩𝑻λ=0; 𝒖 𝒕 = −𝑹−𝟏𝑩𝑻 λ

ሶ𝒙 𝒕 =
𝝏𝑯

𝝏λ
= 𝑨𝐱 + 𝑩𝒖

ሶλ 𝒕 = −
𝝏𝑯

𝝏𝒙
= −(𝑸𝒙 + 𝑨𝑻λ)

Let  λ 𝒕 = 𝑷 𝒕 𝐱(𝒕)

Riccati Coefficients
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Then  ሶλ 𝒕 = ሶ𝑷 𝒕 𝐱 𝒕 + 𝑷 𝒕 ሶ𝐱 𝐭 = ሶ𝑷 𝒕 𝐱 𝒕 + 𝑷 𝒕 (𝑨𝐱(𝐭)
− 𝑩𝑹−𝟏𝑩𝑻𝑷 𝒕 𝐱(𝒕))

−(𝑸𝒙 + 𝑨𝑻λ)= −𝑸𝐱(𝒕) − 𝑨𝑻𝑷 𝒕 𝐱 𝒕 = ሶ𝑷 𝒕 𝐱 𝒕 + 𝑷 𝒕 (𝑨𝐱(𝐭)
−𝑩𝑹−𝟏𝑩𝑻𝑷 𝒕 𝐱(𝒕))

This equation is satisfied if we can find 𝑷 𝒕 such that:
− ሶ𝑷 𝒕 = 𝑷 𝒕 𝑨 + 𝑨𝑻𝑷 𝒕 + 𝑸 − 𝑷 𝒕 𝑩𝑹−𝟏𝑩𝑻𝑷 𝒕

At infinite time, 𝒕𝒇 = ∞, ሶ𝑷 𝒕 = 𝟎,

0 = 𝑷 𝒕 𝑨 + 𝑨𝑻𝑷 𝒕 + 𝑸 − 𝑷 𝒕 𝑩𝑹−𝟏𝑩𝑻𝑷 𝒕

Algebraic Riccati equation

Jacopo Francesco Riccati (1676 – 1754): an Italian mathematician

Riccati ODE
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How design LQR?
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Step1: Check the rank of controllability matrix 𝐶

Step2: Find the state feedback gain 𝐾

𝑪 = 𝑩 𝑨𝑩 𝑨𝟐𝑩…𝑨𝒏−𝟏𝑩 ;
𝒏 = 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒓𝒅𝒆𝒓

 𝑖𝑓 𝑟𝑎𝑛𝑘 𝐶 = 𝑛; 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝑠𝑡𝑎𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒
 𝑖𝑓 𝑟𝑎𝑛𝑘 𝐶 < 𝑛; 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝑠𝑡𝑎𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢; 𝑢 = −𝐾𝑥

𝒎𝒊𝒏 𝑱 =
𝟏

𝟐
න
𝟎

∞

[𝒙𝑻𝑸𝒙 + 𝒖𝑻𝑹𝒖] 𝒅𝒕

𝐾 = 𝑅−1𝐵𝑇𝑃;
𝑃𝐴 +𝐴𝑇 𝑃 + 𝑄 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 = 0



Example 16: Design an LQR

Solution
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𝑱 =
𝟏

𝟐
න

𝟎

∞

𝟐𝒙𝟏
𝟐 𝒕 + 𝟔𝒙𝟏(𝒕)𝒙𝟐(𝒕) + 𝟓𝒙𝟐

𝟐 𝒕 + 𝟎. 𝟐𝟓𝒖𝟐(𝒕)𝒅𝒕

Subject to plant equation

ሶ𝒙𝟏 𝒕 = 𝒙𝟐 𝒕 ,

with boundary conditions 𝐱 𝟎 = [𝟐 − 𝟑]𝑻

ሶ𝒙𝟐 𝒕 = −𝟐𝒙𝟏 𝒕 + 𝒙𝟐 𝒕 + 𝒖 𝒕

𝑨 =
𝟎 𝟏
−𝟐 𝟏

; 𝑩 =
𝟎
𝟏
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 𝑳𝒆𝒕 𝑷 =
𝒂 𝒃
𝒃 𝒄

; Q=
𝟐 𝟑
𝟑 𝟓

; R=
𝟏

𝟒

 Solve algebraic Riccati equation

Step2: Find the state feedback gain 𝐾

Step1: Check the rank of controllability matrix 𝐶

𝟎 𝟎
𝟎 𝟎

=
𝒂 𝒃
𝒃 𝒄

𝟎 𝟏
−𝟐 𝟏

+
𝟎 −𝟐
𝟏 𝟏

𝒂 𝒃
𝒃 𝒄

+
𝟐 𝟑
𝟑 𝟓

-
𝒂 𝒃
𝒃 𝒄

𝟎
𝟏

𝟒 𝟎 𝟏
𝒂 𝒃
𝒃 𝒄

𝑪 = 𝑩 𝑨𝑩 =
𝟎 𝟏
𝟏 𝟏

𝑟𝑎𝑛𝑘 𝐶 = 2 = 𝑛; 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝑠𝑡𝑎𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒
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Simplifying this equation,

−𝟒𝒃𝟐 − 𝟒𝒃 + 𝟐 = 𝟎

𝒂 + 𝒃 − 𝟐𝒄 − 𝟒𝒃𝒄 + 𝟑 = 𝟎

𝟐𝒃 + 𝟐𝒄 − 𝟒𝒄𝟐 + 𝟓 = 𝟎

𝑷 =
𝟏. 𝟕𝟑𝟔𝟑 𝟎. 𝟑𝟔𝟔
𝟎. 𝟑𝟔𝟔 𝟏. 𝟒𝟕𝟐𝟗

𝒖∗ 𝒕 = −𝟏. 𝟒𝟔𝟒 𝒙𝟏
∗ 𝒕 − 𝟓. 𝟖𝟗𝟏𝟔 𝒙𝟐

∗ 𝒕

𝑲 = 𝑹−𝟏𝑩𝑻𝑷 = 𝟒 𝟎 𝟏
𝟏. 𝟕𝟑𝟔𝟑 𝟎. 𝟑𝟔𝟔
𝟎. 𝟑𝟔𝟔 𝟏. 𝟒𝟕𝟐𝟗

= 𝟏. 𝟒𝟔𝟒𝟏 𝟓. 𝟖𝟗𝟏𝟔
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Remarks about LQR weights:
1. A simple choice is to use diagonal weights:

Q=

𝒒𝟏 … 𝟎
⋮ ⋱ ⋮
𝟎 … 𝒒𝒏

; R =

𝒓𝟏 … 𝟎
⋮ ⋱ ⋮
𝟎 … 𝒓𝒍

2. The diagonal elements describe how much each state and input 

(squared) should contribute to the overall cost.

 𝑭𝒐𝒓 𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏𝟔, 𝑳𝒆𝒕 Q=
𝟏 𝟎
𝟎 𝟏

; R= 𝟏
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 𝑭𝒐𝒓 𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏𝟔, 𝑳𝒆𝒕 Q=
𝟏 𝟎
𝟎 𝟏

; R= 10
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Thank you for your 
attention


